This paper derives the leading nonlinear hereditary effects in the generation of gravitational radiation, i.e. , the terms in the wave form which depend in an irreducible manner on the entire past history of the source. At the quadratically nonlinear order there are two types of hereditary contributions. The first ones are due to the reradiation of gravitational waves by the stress-energy distribution of (linear) gravitational waves, and give rise to a net cumulative change in the wave form of bursts ("memory effect" ). The second ones come from the backscattering of (linear) gravitational waves emitted in the past onto the constant curvature associated with the total mass of the source ("gravitational-wave tails" ). An extension of a previously proposed multipole-moment wave generation formalism allows us to compute explicitly the wave form, including hereditary contributions, up to terms of fractional order (v/c) . Our results are derived for slow-moving systems of bodies, independently of the strength of their internal gravity. The tail contribution to the far wave-zone field is found to be fully consistent with a corresponding hereditary contribution to the gravitational radiation damping previously derived from a study of the near-zone field. PACS number(s): 04.30.+x
I. INTRODUCTION
The present development of a worldwide network of gravitational-wave detectors makes it timely to deepen our theoretical understanding of the generation of gravitational radiation by material sources. Although some astrophysical sources, involving very strong gravitational fields, and undergoing very rapid time evolution, are so complex that they will have to be tackled by numerical simulations, a lot is still to be learned from analytical approximation methods. We have particularly in mind the emission of gravitational waves by in-spiraling compact binary systems where improvements in the computation of the wave form may be important for pulling the signal out of the noise.
The present paper is the continuation of a sequence of articles [1 -5] , that we shall refer to in the following as papers I -V, respectively, in which we expounded a new gravitational-wave generation formalism. This formalism decomposes the problem of relating the gravitationalwave form at infinity to the structure and motion of the source ("generation problem" ) into three separate steps.
Step 1 consists in setting up an iterative algorithm which constructs the most general (past-stationary and past-asymptotically fiat) solution of the vacuum Einstein equations in the form of a double, nonlinearity and multipolar, expansion. The arbitrary elements entering this construction are two sets of time-dependent symmetric and trace-free (STF) Cartesian tensors, referred to as the "algorithmic multipole moments:" g, "pt = g,"~~[~], (1.2) where the square brackets denote a general functional de- pendence. [Note that g,", are functions of four variables, while lM is a set of functions of one variable. ] Building up on previous work [7 -9] , we have shown in paper I how to define the right-hand side of Eq. (1.2) to all orders in a combined multipolar post-Minkowskian expansion. [In principle this construction can be implemented to any (finite) order by algebraic manipulation programs. ] Step 2 consists in extracting from the algorithmically constructed external metric (1.2) the "radiative multipole moments" R = {I, " 'j(t); E&2j u {J~~' (t); f &2j, ( {S, , S,"". . . j denote the "spin" ones. In Eq. (1.1) the index L is shorthand notation for a multispatial index of order f. , L: -iii2 it (see Ref. [6] for our notation).
The (formal) solution of the vacuum Einstein equations constructed by this algorithm will be referred to as the "external metric, " because it is expected to represent the metric everywhere in a domain D, = {(x,t); r & ra j exterior to the source (which is located near the origin of our spatial coordinate system). Using as basic gravitational variables the densitized contravariant metric g~-: haggai, the result of the algorithm is to give 46 4304 that describe the leading (1/R) behavior of the gravitational Beld in the far wave zone ("future null infinity").
More precisely, it was shown in paper II that the general multipolar post-Minkowskian metric (1.2) admitted, under the assumption of past stationarity, a regular conformal structure at future null infinity ("asymptotic simplicity" [10, 11] ). This means in particular that there exist some "radiative" coordinates X" = (cT, X') with respect to which the metric coefficients, say G'"g(Xr) [ (1.3) are defined as the coefficients of the multipole decomposition of the 1/R part of the external metric in radiative coordinates [9] . The transverse-traceless (TT) part of the asymptotic spatial metric (gravitational-wave amplitude "h, ") reads gTT (gext 6 )TT 4G 1 red [8] 2~r ed [8] (1] ['] =d'S. /dVe+O(g) .
(1.6a) (1.6b) For this reason, it has been suggested [9) to introduce also the Eth-order antiderivatives of the basic radiative moments, say [8] rsd [e] 8th time derivatives of other objects. The first two steps of our formalism give, in principle, a complete picture of the nonlinear structure of the gravitational field everywhere outside the source (at least, in the domain where the field is weak enough for the nonlinearity expansion to make sense). However ("post-Newtonian" ) approximation scheme. This matching procedure has been studied in paper III, and we implemented it in papers IV and V at an accuracy which goes well beyond the usual "quadrupole formalism" [12 -14] . More precisely, we showed how to obtain the link (1.7), for both the mess [4] ant[ spin [5] moments, np to fractional corrections of order (v/c) (GM/czr)z:
The link with our present nave-zone hereditary eKects will be discussed below). The physical origin of these hereditary contributions to the wave form is twofold.
The leading contribution, for slow-motion sources, comes from the scattering of linear gravitational waves oK the background curvature generated by the total mass of the system ("wave tails" ). A second contribution, which enters at the same order of nonlinearity, comes from the reradiation of gravitational waves by the stress-energy distribution of linear waves. The relative characteristics of these two types of hereditary effects will be discussed below. (Note that our results on nonlinear hereditary effects were already contained in an earlier paper [15] . ) The inclusion of wave tails will boost the accuracy of our generation formalism by one power of the slowmotion parameter v/c. Moreover 
( 2 6) [see, e.g. , Eqs. III (3.3) , by which we denote Eqs. (3.3) of paper III]. The linearized external metric (2.5) is the "seed" of the entire algorithm. For instance, the quadratic piece hz is defined as the sum of two contributions:
where I" PCl& ("finite part of the retarded integral" ) is the operator defined by Eqs. I (3.13)and (3.14) (in which enters the length scale ri = cP"s). As for the second contribution in (2.6), g, it is a solution of the homogeneous wave equation of the retarded type:
{2. 9) » Eq (29) Q~( u, n), where u = t -r/c, denotes the coefBcient of 1/rz in the effective nonlinear source Nz (r, u, n), Tg (u) The first contribution pz~is the retarded integral (computed using a procedure of analytic continuation) of the effective quadratic source N~(hi) given by Eq. III (3.5): (2.14) "&"" r is the hereditary term coming from the fact that the gravitational energy radiated in the past by the source acts itself as a nonlinear source for the gravitational field (this term was studied in [15] under the name of the "bundle" term), [20] ). It was included in the results of [15] , where it was noted to be (formally) of higher order in the slow-motion parameter v' ""'/c than the other hereditary contributions in (2.42) (see below). Recently, this effect has been rediscovered in a general, and rigorous, guise [21] (see also [22] ). In Refs. [23, 24] the connection of the result of Ref. [21] with the effect of the past emission of gravitational radiation was made explicit, and Ref. [24] derived (independently of the work [15] Note that, if we consider sources that were so "quiet" in the infinite past that the second derivative of I;~(t At this point, we can make use of the fact that Damour [29] has shown that the metric generated by a system of well-separated strongly self-gravitating bodies could be obtained, everywhere [29] showed that this process was mathematically well de6ned
(no poles at s = 0), and gave the physically unique metric outside N compact bodies [31] .
Similarly, but with more work, one can write down explicit expressions for the spin moments: S,(t) = J,(t) + O(1/"), (3.26) where Jl, is a rather complicated expression which can be straightforwardly obtained from the results of paper V. In particular, Appendix C of paper V gives the fully explicit expression of the post-Newtonian spin quadrupole J,~[Eq. V (C.5)].
Having obtained the explicit link between the algorithmic moments and the source we can straightforwardly use, as in the previous subsection, the other relations (3.4) and (3.13) 
